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GALOIS ACTION ON Q¯-ISOGENY CLASSES
OF ABELIAN L-SURFACES WITH QUATERNIONIC
MULTIPLICATION
SANTIAGO MOLINA
Abstract. We construct a projective Galois representation attached to an
abelian L-surface with quaternionic multiplication, describing the Galois action
on its Tate module. We prove that such representation characterizes the Galois
action on the isogeny class of the abelian L-surface, seen as a set of points of
certain Shimura curves.
1. Introduction
Let L be a number field. An abelian variety A/Q¯ is called an abelian L-variety
if for each σ ∈ Gal(Q¯/L) there exists an isogeny µσ : A
σ→A with the following
compatibility condition: ψ ◦ µσ = µσ ◦ ψ
σ, for all ψ ∈ End(A). In this note, we
deal with the two dimensional situation and the so-called fake elliptic curves or
abelian surfaces with quaternionic multiplication (QM), namely, pairs (A, ı) where
A is an abelian surface and ı is an embedding of a quaternion order O into its
endomorphism ring. We remark that, by setting A = E ×E, where E is an elliptic
curve, and ı the obvious embedding of O = M2(Z) into End(E × E), the theory
of elliptic curves can be seen as a special case. In this scenario, we say that (A, ı)
is an abelian L-surface with QM if, for any σ ∈ Gal(Q¯/L), there exists an isogeny
µσ : A
σ→A as well, but with the above compatibility condition only satisfied for
the image of the quaternionic multiplication ı.
The moduli problem that classifies abelian surfaces with QM is solved by the
classical Shimura curves XΓ. If P ∈ XΓ corresponds to an abelian L-surface with
QM (A, ı), we can interpret the Q¯-isogeny class of (A, ı) as a set of points [P ] ⊂
XΓ(Q¯). Directly from the definition, we can deduce that this set of points [P ] is
stable under the action of Gal(Q¯/L). The main aim of this paper is to construct a
projective Galois representation ρ attached to (A, ı) of the form
ρ : Gal(Q¯/L) −→ (O ⊗ Af )
×/(End(A, ı)⊗Q)×,
where Af is the ring of finite adeles and End(A, ı) is the set of endomorphisms
commuting with every element of the image of ı, and to give a concise description
of the Galois action on the set of points [P ] through this representation ρ. With
this in mind, we have to give first a description of the Q¯-isogeny class [P ]. In §3
we show that there is a bijective correspondence between the set [P ] ⊂ XΓ and the
double coset space
Γ\(O ⊗ Af )
×/(End(A, ı)⊗Q)×,
for some compact open subgroup Γ. This provides a purely algebraic description of
the Q¯-isogeny class of (A, ı). Finally, in §4, we introduce the main result of this note
(Theorem 4.2): The Galois action of Gal(Q¯/L) on the Q¯-isogeny class [P ] ⊂ XΓ is
given by the following map
Gal(Q¯/L)× Γ\(O ⊗ Af )
×/(End(A, ı)⊗Q)× −→ Γ\(O ⊗ Af )
×/(End(A, ı)⊗Q)×
(σ, [b]) 7−→ [bρ(σ)],
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where [b] denotes the class of b ∈ (O ⊗ Af )
× in the double coset space Γ\(O ⊗
Af )
×/(End(A, ı)⊗Q)×.
The current interest on abelian L-varieties began, with L = Q, when K. Ribet
observed that non-CM absolutely simple factors of the modular Jacobians J1(N)
are in fact abelian Q-varieties [3]. Actually, after the proof of Serre’s conjecture
on representations of Gal(Q¯/Q) [4, 3.2.4?], every so-called building block (namely a
Q-variety whose endomorphism algebra is a central division algebra over a totally
real number field F with Schur index t = 1 or t = 2 and t[F : Q] = dimA), is an
absolutely simple factor up to isogeny of a modular Jacobian J1(N).
In order to explore the relation of the representation ρ with modularity, one
realizes that the construction of ρ given in §2 imitates the classical construction of
the ℓ-adic Galois representation of an elliptic curve defined over L or the projective
ℓ-adic Galois representation attached to an elliptic Q-curve. In fact, in the trivial
case A = E ×E and E one of such objects, ρ is the projectivization of the product
over all ℓ of the corresponding classical ℓ-adic representations. Something analogous
happens when (A, ı) is a building block, namely, a non-CM abelian Q-surface with
QM by an order in a division algebra. We know that A is an absolutely simple
factor of an abelian variety AGL2 defined over Q of GL2-type. In §8 we show that ρ
is the projectivization of the product over all ℓ of the ℓ-adic Galois representations
attached to the abelian variety AGL2/Q.
Since in case L = Q the projective representation ρ is related to well known
classical ℓ-adic representations, we expect the norm of ρ to be characterized by the
cyclotomic character. In §6 we introduce the dual of an abelian surface with QM
and we describe the Weil pairing attached to it. The given explicit description of
the Weil pairing allows us to compute the norm of ρ and to prove that it is indeed
provided by the cyclotomic character (Theorem 6.4).
Apart from the interesting relations between ρ and certain abelian varieties of
GL2-type in the non-CM case, the CM case is very interesting as well. One can
prove that any CM abelian surface with QM (that we know is modular) is in fact an
abelian Q-surface with QM (Proposition 7.1). Moreover, the corresponding points
in XΓ classifying the Q¯-isogeny class of a CM abelian (Q-)surface with QM are
classical Heegner points. This implies, by Shimura’s reciprocity law, that the Galois
action of Gal(Q¯/Q) on the set [P ] ⊂ XΓ(Q¯) of Heegner points is described via Class
Field Theory. Using this fact, we prove in Proposition 7.1 (as a direct consequence of
Theorem 4.2) that, in the CM case, the projective representation ρ factors through
the inverse of the Artin map. This provides a complete description of ρ in this case.
1.1. Notation. Let Zˆ denote the completion of Z, hence Zˆ = lim
←−
(Z/NZ). Let Af
denote the ring of finite adeles, namely Af = Zˆ ⊗ Q. Note that Q/Z = lim−→
Z/NZ,
therefore
End(Q/Z) = Hom(lim
−→
(Z/NZ),Q/Z) = lim
←−
Hom(Z/NZ,Q/Z)
= lim
←−
Hom(Z/NZ,Z/NZ) = lim
←−
(Z/NZ) = Zˆ.
Write AQ for the ring of adeles of Q.
Let B be an indefinite quaternion algebra over Q of discriminant D, and let O
be an Eichler order in B. We denote by Tr and Norm the reduced trace and the
reduced norm in B respectively. Namely, for any b ∈ B, we have Tr(b) = b+ b¯ and
Norm(b) = bb¯, where b¯ stands for the conjugate of the quaternion b.
Let G be the group scheme over Z such that G(R) = (Oopp ⊗ R)× for all rings
R, where Oopp is the opposite algebra to O. Note that the group G(Af ) does not
depend on the Eichler order O chosen since it is maximal locally for all but finitely
many places.
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Write Oˆ = O ⊗ Zˆ, then me have the isomorphism Oˆ = lim
←−
(O/NO). Moreover,
lim
−→
(O/NO) = B/O as left O-modules. Applying the above argument, we have
EndO(B/O) = Oˆ
opp, where Oˆopp acts on B/O on the right. Hence we can identify
G(Af ) = (EndO(B/O)⊗Q)
×.
Given an abelian variety A defined over C, we will denote by End(A) the algebra
of endomorphisms of A defined over C. Note that if A admits a model over Q¯, then
End(A) = EndQ¯(A). Throughout this paper, we will denote End
0 := End⊗Q.
2. Abelian L-surfaces with Quaternionic Multiplication
Let F be a field. An abelian surface with QM by O over F is a pair (A, ı) where
A/F is an abelian surface and ı is an embedding O →֒ EndF (A), optimal in sense
that ı(B) ∩ EndF (A) = ı(O), and such that every endomorphism ı(α), α ∈ O,
is defined over F . If the order O is clear by the context, we will call them just
QM-abelian surfaces. Let us consider the subring
End(A, ı) = {λ ∈ EndF (A) : λ ◦ ı(o) = ı(o) ◦ λ, for all o ∈ O}.
If (A, ı) is defined over C, End0(A, ı) can be either Q or an imaginary quadratic
field K, in this last situation we say that (A, ı) has complex multiplication (CM).
Definition 2.1. Two abelian surfaces (A, ı) and (A′, ı′) with QM by O defined
over F are isogenous or O-isogenous if there exist an isogeny µ : A′ → A defined
over F satisfying µ ◦ ı′(α) = ı(α) ◦ µ, for all α ∈ O. We will call such an isogeny
µ : (A′, ı′)→ (A, ı) a O-isogeny.
Assume that (A, ı) is defined over C and let Tˆ (A) = Hom(Ator,Q/Z) be its Tate
module. Since Tˆ (A) is a Af -module of rank 4 with End(Tˆ (A)) = End(A) ⊗ Af
and ı(O) = ı(B) ∩ End(A), we conclude that Tˆ (A) ≃ O ⊗ Af and Ator ≃ B/O
as O-modules. This implies that, for any O-isogeny µ : (A, ı) → (A′, ı′), we have
an isomorphism ker(µ) ≃ Iµ/O as O-modules, for some left fractional O-ideal Iµ.
We define deg(µ) to be Norm(Iµ)
−1. With this definition, the multiplication-by-n
O-isogeny has degree deg(n) = n2, instead of n4. Moreover, we have an inclusion
ker(µ) ⊆ ker(deg(µ)) provided by
ker(µ) = Iµ/O ⊆ Norm(Iµ)O/O = ker(deg(µ)).
This implies that there exists a O-isogeny µ∨ : (A′, ı′) → (A, ı) such that µ ◦ µ∨ =
µ∨ ◦ µ = deg(µ) and deg(µ) = deg(µ∨). We call such O-isogeny the dual O-isogeny
of µ.
Definition 2.2. Let L/Q be a number field. An abelian L-surface with QM by O
is an abelian surface with QM by O (A, ı) over Q¯ such that, for all σ ∈ Gal(Q¯/L),
there exist an isogeny µσ : A
σ → A (defined over Q¯), such that µσ ◦ ı(o)
σ = ı(o)◦µσ
for all o ∈ O. Equivalently, (Aσ, ıσ) and (A, ı) areO-isogenous for all σ ∈ Gal(Q¯/L),
where ıσ is defined by ıσ(o) := ı(o)σ for o ∈ O.
Given an abelian L-surface (A, ı) with QM we shall construct a map
ρ(A,ı,ϕ) : Gal(L¯/L) −→ G(Af )/End
0(A, ı)×
that describes the Galois action on the Tate module. In order to do this, we will
fix an isomorphism ϕ : Ator → B/O. The following result shows that to choose
such an isomorphism ϕ is equivalent to choose a basis {ϕ1, ϕ2, ϕ3, ϕ4} of the Tate
module Tˆ (A).
Lemma 2.3. Given a basis {ϕi}i=1···4 of Tˆ (A), there exists a Zˆ-basis {ei}i=1···4 of
Oˆ such that
ϕ : Ator −→ B/O ≃ Bˆ/Oˆ; P 7−→
∑
i=1···4
ϕi(P )ei
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is a O-module isomorphism. Analogously, given a O-module isomorphism ϕ :
Ator → B/O, any Zˆ-basis {ei}i=1···4 of Oˆ provides a basis {ϕi}i=1···4 of Tˆ (A)
satisfying ϕ(P ) =
∑4
i=1 ϕi(P )ei.
Proof. Since {ϕi}i=1···4 is a basis, the map Ator → (Q/Z)
4; P 7→ (ϕi(P ))i is an
isomorphism. Then there exists a unique sequence {Pn}n∈N ⊂ Ator such that
ϕi(Pn) =
1
nδ
i
1, where δ
j
i is the Kronecker delta. Since A has QM by O, we know that
A[n] ≃ O/nO. Thus there exists ej ∈ Oˆ = lim←−O/nO such that ϕi(ı(ej)Pn) =
1
nδ
i
j
(in particular e1 = 1). We claim that {ei}i=1···4 form a Zˆ-basis for Oˆ. Indeed, for
any α ∈ Oˆ, there exists nˆi ∈ Zˆ such that ϕi(ı(α)Pn) =
ni
n , where ni = nˆi mod n,
thus
ϕi(ı(α)Pn)− ϕi

ı

 ∑
j=1···4
nˆjej

Pn

 = ni
n
−
∑
j=1···4
nj
n
δji = 0.
Since {ϕi}i=1···4 form a basis and Pn generates A[n] as O-module, we conclude
α =
∑
j=1···4 nˆjej and {ei}i−1···4 form a Zˆ-basis for Oˆ.
Finally, we consider the well defined morphism ϕ and let α =
∑
j=1···4 nˆjej ∈ Oˆ,
then
ϕ(ı(α)Pn) =
∑
i,j=1···4
njϕi (ı(ej)Pn) ei =
∑
i,j=1···4
nj
1
n
δji ei =
1
n
∑
i=1···4
niei = αϕ(Pn).
Since Pn generates A[n] as a O-module, we conclude that ϕ is a O-module isomor-
phism.
Analogously, given aO-module isomorphism ϕ : Ator → B/O and given a Zˆ-basis
{ei}i=1···4 of Oˆ, we define the morphism ϕi(P ) = xi, where ϕ(P ) =
∑
i=1···4 xiei.
It is clear that {ϕi}i=1···4 provides a Zˆ-basis of Hom(Ator,Q/Z). 
Since (A, ı) is defined over Q¯, we can fix a number field M and a model of A over
M such that any endomorphism is defined over M . We denote such a model also
by (A, ı) by abuse of notation. We fix a set of O-isogenies µ = {µσ : (A
σ , ıσ) →
(A, ı), σ ∈ Gal(M/L)} and assume, after extending M if necessary, that every
O-isogeny in µ is also defined over M .
Let us consider the endomorphism on B/O given by
ϕ(P ) 7−→ ϕ(µσ(P
σ)).
Such endomorphism commute with the action of O, indeed, for any α ∈ O,
ϕ(µσ((ı(α)P )
σ)) = ϕ(µσ(ı(α)
σ(P σ))) = ϕ(ı(α)µσ(P
σ)) = αϕ(µσ(P
σ)).
Hence it corresponds to an element of End0O(B/O)
× since µσ has finite kernel. Once
we identify End0O(B/O)
× with G(Af ) acting on B/O on the right (provided that
O acts on B/O on the left), we deduce that there exists ρµ(A,ı,ϕ)(σ) ∈ G(Af ) such
that
ϕ(µσ(P
σ)) = ϕ(P )ρµ(A,ı,ϕ)(σ), for all P ∈ Ator.
We have obtained a map
ρµ(A,ı,ϕ) : Gal(Q¯/L) −→ G(Af ).
This map may depend on the choice of the set of O-isogenies µ, nevertheless we
can consider the quotient G(Af )/End
0(A, ı)×, where End0(A, ı)× is embedded in
G(Af ) by means of the natural embedding
ϕ∗ : End0(A, ı)× →֒ G(Af ) = End
0
O(B/O)
×; ϕ∗(λ) = λ∗ = ϕ ◦ λ ◦ ϕ−1.
Hence the composition with the quotient map, gives rise to a map of the form:
ρ(A,ı,ϕ) : Gal(Q¯/L) −→ G(Af )/End
0(A, ı)×.
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Lemma 2.4. The map ρ(A,ı,ϕ) is independent on the choice of the set of O-isogenies
µ and the choice of the model in the Q¯-isomorphism class of (A, ı).
Proof. Let µ′ = {µ′σ : (A
σ, ıσ) → (A, ı), σ ∈ Gal(M/L)} be another set of O-
isogenies (it can be defined over another Galois extension M ′ but we can extend
both sets trivially). Then λσ :=
1
deg(µσ)
µ′σ ◦ µ
∨
σ ∈ End
0(A, ı)×. Hence we have,
ϕ(P )ρµ
′
(A,ı,ϕ)(σ) = ϕ(µ
′
σ(P
σ)) = ϕ(λσ(µσ(P
σ))) = ϕ(µσ(P
σ))λ∗σ
= ϕ(P )ρµ(A,ı,ϕ)(σ)λ
∗
σ .
Thus ρµ
′
(A,ı,ϕ)(σ) = ρ
µ
(A,ı,ϕ)(σ)λ
∗
σ and
ρµ
′
(A,ı,ϕ)(σ)End
0(A, ı)× = ρµ(A,ı,ϕ)(σ)End
0(A, ı)×,
which proves our first assertion.
Assume that we have another model (A′, ı′) over M ′. Thus we have an iso-
morphism η : A′ → A, defined over a bigger extension N ⊇ M ′M , such that
ı(α) ◦ η = η ◦ ı′(α), for all α ∈ O. Since the isomorphism ϕ is chosen in the Q¯-
isomorphism class of (A, ı), its realization ϕ′ on (A′, ı′) satisfies ϕ′ = ϕ ◦ η. We
compute
ϕ(µσ(P
σ)) = ϕ′(η−1 ◦ µσ ◦ η
σ((η−1(P ))σ)).
Since we have proved that ρ(A′,ı′,ϕ′) does not depend on the choice of the O-
isogenies, we can choose η−1 ◦ µσ ◦ η
σ obtaining the desired result ρ(A′,ı′,ϕ′) =
ρ(A,ı,ϕ). 
Note that G(Af )/End
0(A, ı)× is a group in the non-CM case. Nevertheless, in
the CM case, End(A, ı)0 = K an imaginary quadratic field, hence K× it is not
normal in G(Af ).
Given the embedding End0(A, ı)× →֒ G(Af ) described above, let us denote by
NA the normalizer of End(A, ı) in G(Af ). Note that NA = G(Af ), in the non-CM
case. Moreover, if (A, ı) has CM by the imaginary quadratic field K, then the ℓ
component of NA is (NA)ℓ = K
×
ℓ ∪ jK
×
ℓ , with j
2 ∈ Q× and jk = k¯j for all k ∈ K×ℓ .
In any case NA/End
0(A, ı)× is now a group.
Lemma 2.5. The map ρ(A,ı,ϕ) factors through
ρ(A,ı,ϕ) : Gal(Q¯/L)
ρN(A,ı,ϕ)
−→ NA/End
0(A, ı)× →֒ G(Af )/End
0(A, ı)×
Moreover, the map ρN(A,ı,ϕ) is a group homomorphism.
Proof. On the one side, for all σ ∈ Gal(Q¯/L) and λ ∈ End(A, ı) we have
ρµ(A,ı,ϕ)(σ)λ
∗ρµ(A,ı,ϕ)(σ)
−1 ∈ End(A, ı)0.
Indeed,
(deg µσ)ϕ(P )ρ
µ
(A,ı,ϕ)(σ)λ
∗ρµ(A,ı,ϕ)(σ)
−1 = (deg µσ)ϕ(λ(µσ(P
σ)))ρµ(A,ı,ϕ)(σ)
−1
= ϕ(µ∨σ (λ(µσ(P
σ)))σ
−1
)
= ϕ((µ∨σλµσ)
σ−1 (P ))
= ϕ(P )
(
(µ∨σλµσ)
σ−1
)∗
,
where clearly (µ∨σλµσ)
σ−1 ∈ End0(A, ı). Therefore ρµ(A,ı,ϕ)(σ) ∈ NA.
On the other side, one checks that
ρµ(A,ı,ϕ)(στ)
−1ρµ(A,ı,ϕ)(σ)ρ
µ
(A,ı,ϕ)(τ)
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acts on TˆA⊗Q := (
∏′
p TpA)⊗Q in the same way as does
c(A,ı)(σ, τ) = (1/ deg(µστ ))µσµ
σ
τµ
∨
στ ∈ (End(A, ı)⊗Z Q)
× = End0(A, ı)×.
In particular, the quotient ρ(A,ı,ϕ)(σ) is a group homomorphism. 
Remark 2.6. Assume that the discriminant D = 1, thus the quaternion algebra
B = M2(Q). An abelian surface with QM by O = M2(Z) is the product A = E×E,
where E is an elliptic curve. In the particular case that E is defined over L (thus
clearly A = E × E is an abelian L-surface with QM), the representation ρ(A,ı,ϕ)
is just the quotient modulo End0(A, ı)× = End0(E)× of the classical action on the
Tate module
ρE : Gal(Q¯/L) −→ GL2(Zˆ) =
∏
ℓ
GL2(Zℓ) →֒ GL2(Af ).
3. Shimura curves and isogeny classes
Assume that O0 is a maximal order in B, let Γ be an open subgroup of Oˆ
×
0 =
G(Zˆ). We say that two O0-module isomorphisms ϕ, ϕ
′ : Ator
≃
→ B/O0 are Γ-
equivalent if there exists an element γ ∈ Γ such that ϕ′ = ϕγ. The Shimura
curve XΓ, is the compactification of the coarse moduli space of triples (A, ı, ϕ¯),
where (A, ı) are abelian surfaces with QM by O0 and ϕ¯ is a Γ-equivalence class of
O0-module isomorphisms ϕ : Ator
≃
→ B/O0. Such coarse moduli space is already
compact unless D = 1. The curve XΓ is defined over some number field LΓ. If
k is a field of characteristic zero, given a point P ∈ XΓ(k¯) corresponding to the
isomorphism class of a triple (A, ı, ϕ¯)/k¯, its Galois conjugate P σ ∈ XΓ(k¯), for any
σ ∈ Gal(k¯/k), corresponds to the isomorphism class of (Aσ, ıσ, ϕ¯σ), where
ϕσ : Aσtor
≃
−→ B/O0; ϕ
σ(Qσ) = ϕ(Q).
Thus, a k-rational point P in XΓ corresponds to the isomorphism class of a triple
(A, ı, ϕ¯)/k¯ which is isomorphic to all its Gal(k¯/k)-conjugates.
The complex points of the Shimura curve are in correspondence with the double
coset space
XΓ(C) = (Γ∞Γ\G(A))/G(Q) ∪ {cusps}, Γ∞ =
{(
a b
−b a
)
∈ GL2(R)
}
,
where cusps only appear in case D = 1. The triple (Ag, ıg, ϕ¯g) over C corresponding
to g = (g∞, gf ) ∈ G(A) is Ag := (B ⊗ R)g∞/Igf , where Igf = Oˆ0gf ∩ B and
(B ⊗ R)g∞ = M2(R) with complex structure hg∞
hg∞ : C→ M2(R); i 7→ g
−1
∞
(
1
−1
)
g∞;
the embedding ıg : O0 → End(Ag), is given by ıg(α)(b⊗ z) = αb⊗ z; and ϕ¯g is the
Γ-equivalence class of ϕg : (Ag)tor = B/Igf → B/O0, ϕg(b) = bg
−1
f . We compute
that
End0(Ag, ıg)
× = {γ ∈ AutB(B ⊗ R) : γIgf ⊗Q = Igf ⊗Q and γhg∞ = hg∞γ}
= {γ ∈ G(R) : γB = B and γhg∞γ
−1 = hg∞}
= {γ ∈ G(Q) : γhg∞γ
−1 = hg∞}
= {γ ∈ G(Q) : g∞γg
−1
∞ ∈ Γ∞}.
Remark 3.1. In most of the literature, objects classified by the Shimura curve XΓ
are triples (A, ı, ψ¯), where (A, ı) is an abelian surface with QM by O0 as above and ψ¯
is a Γ-equivalence class of O0-module isomorphisms ψ : Tˆ (A) = Hom(Ator,Q/Z)
≃
→
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Oˆ0. It is clear that this interpretation is equivalent to ours, since for any ϕ : Ator
≃
→
B/O0 we have the corresponding isomorphism
ψ : Tˆ (A) = Hom(Ator,Q/Z)
≃
−→ Hom(B/O0,Q/Z) ≃ Oˆ0.
Remark 3.2. In the particular case that Γ = ΓN = ker(G(Zˆ) → G(Z/NZ)), to
give a Γ-equivalence class of isomorphisms ϕ : Ator → B/O0 is equivalent to give
an isomorphism ϕN : A[N ] → O0/NO0, namely, a level-N -structure. This is the
classical Shimura curve situation.
Let k¯ be a field of characteristic 0 algebraically closed. We say that two triples
(A, ı, ϕ¯) and (A′, ı′, ϕ¯′) over k¯ are isogenous if (A, ı) and (A′, ı′) are isogenous.
Let P ∈ XΓ(C) be a point corresponding to (A, ı, ϕ¯). Let us denote by [P ]
the C-isogeny class of (A, ı, ϕ¯)/C in XΓ, namely, the set of points Q ∈ XΓ(C)
parametrizing triples (A′, ı′, ϕ¯′)/C where (A′, ı′) is isogenous to (A, ı).
Proposition 3.3. Let P = [g] = [g∞, 1] ∈ (Γ∞Γ\G(A))/G(Q) ⊆ XΓ(C). Then we
have the following bijection
ψg∞ : Γ\G(Af )/End
0(Ag, ıg)
× ≃−→ [P ]; gf 7−→ [g∞, gf ].
Proof. The non-CM case is described in [1, Lemma 1], we give here a proof that
works in any case. Recall that (Ag∞ , ıg∞ , ϕ¯g∞) is the triple corresponding to P =
[g∞, 1]. For any gf ∈ G(Af ), there exists n ∈ Z such that Igfn ⊆ O0. Therefore we
have the isogeny
Ag∞gf = (B ⊗ R)g∞/Igf −→ (B ⊗ R)g∞/O0 = Ag∞ , b 7−→ nb,
which is clearly a O0-isogeny with respect to ıg∞ and ıg∞gf since the inclusion
Igfn ⊆ O0 is a monomorphism of O0-modules. This implies [g∞, gf ] ∈ [P ], for all
gf ∈ G(Af ).
Conversely, any O0-isogeny (Ag′
∞
gf , ıg′∞gf ) → (Ag∞ , ıg∞) induces an equality of
complex structures (B ⊗ R)g′
∞
= (B ⊗ R)g∞ . This implies that g
′
∞ = Γ∞g∞.
Therefore the corresponding point [g′∞, gf ] has a representant of the form [g∞, g
′
f ]
in the double coset space (Γ∞Γ\G(A))/G(Q).
We conclude that the map
Γ\G(Af ) −→ [P ]; gf 7−→ [g∞, gf ],
is surjective. Finally, the result follows from the fact that [g∞, gf ] = [g∞, g
′
f ] in
(Γ∞Γ\G(A))/G(Q) if and only if there exists β ∈ G(Q) such that gf = g
′
fβ and
g∞β ∈ Γ∞g∞, hence β ∈ End
0(Ag∞ , ıg∞)
×. 
Remark 3.4. The above proposition asserts that the isogeny class [P ] corresponds
to the fiber containing P of the natural map
XΓ ⊇ (Γ∞Γ\G(A))/G(Q) −→ Γ∞\G(R)/G(Q), [g∞, gf ] 7−→ [g∞].
4. Galois action on isogeny classes
Assume now that (A, ı) is an abelian L-surface with QM by O0, let (A, ı, ϕ¯) be
a triple corresponding to the point P ∈ XΓ(Q¯). First we show that any (A
′, ı′)
isogenous to (A, ı) is an abelian L-surface with QM.
Lemma 4.1. Let (A, ı) be an abelian L-surface with QM and assume that (A′, ı′)
over Q¯ is isogenous to (A, ı). Then (A′, ı′) is an abelian L-surface with QM.
Proof. Let σ ∈ Gal(L¯/L). Since (A, ı) is an abelian L-surface with QM, there exists
a O0-isogeny (A
σ, ıσ)
µσ
→ (A, ı). Fix a O0-isogeny (A
′, ı′)
φ
→ (A, ı) defined over Q¯
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(such a O0-isogeny exists since (A, ı) and (A
′, ı′) are isogenous and both defined
over Q¯). Thus by conjugating φ by σ and composing with φ∨ ◦ µσ, one obtains
((A′)σ, (ı′)σ)
φσ
−→ (Aσ, ıσ)
µσ
−→ (A, ı)
φ∨
−→ (A′, ı′).
Hence (A′, ı′)/Q¯ is an abelian L-surface with QM. 
Note that, since P and so (A, ı) are defined over Q¯, the C-isogeny class coincide
with the Q¯-isogeny class [P ]. Moreover, the above lemma implies that Gal(Q¯/L)
acts on [P ]. Indeed, if Q ∈ [P ] corresponds to (A′, ı′, ϕ¯′) and σ ∈ Gal(Q¯/L), then
Qσ parametrizes ((A′)σ, (ı′)σ, (ϕ¯′)σ). Since (A′, ı′) is an L-abelian surface with QM
by the lemma, there exists a O0-isogeny µ
′
σ : ((A
′)σ, (ı′)σ) → (A′, ı′). This implies
((A′)σ, (ı′)σ) is isogenous to (A, ı), hence Qσ ∈ [P ]. The main theorem of this
section relates this action with the map ρ(A,ı,ϕ) introduced in §2 by means of the
characterization of [P ] given in Proposition 3.3.
Theorem 4.2. Assume that P = [g∞, 1] ∈ XΓ corresponds to a triple (A, ı, ϕ¯),
where (A, ı)/Q¯ is an abelian L-surface with QM and ϕ¯ is the Γ-equivalent class of
the natural isomorphism
ϕ : Ator = ((B ⊗ R)g∞/O0)tor −→ B/O0,
Then the map ρ(A,ı,ϕ) : Gal(Q¯/L) −→ G(Af )/End
0(A, ı)× constructed by means of
ϕ satisfies
ψg∞([gf ])
σ = ψg∞([gfρ(A,ı,ϕ)(σ)]) ∈ [P ],
for all gf ∈ G(Af ) and σ ∈ Gal(Q¯/L), where [ · ] denothes the class in the double
coset space Γ\G(Af )/End
0(A, ı)×.
Remark 4.3. Note that, by Lemma 2.5, the image ρ(A,ı,ϕ)(σ) lies in the com-
mutator of End0(A, ı) in G(Af ). Thus the product gfρ(A,ı,ϕ)(σ) is well defined in
Γ\G(Af )/End
0(A, ı).
Proof. Recall that the abelian surface corresponding to ψg∞([gf ]) is given by the
complex torus Agf = (B⊗R)g∞/Igf , where Igf = B∩Oˆ0gf . Moreover, considering
a representative of [gf ] such that g
−1
f ∈ Oˆ0, the O0-isogeny between (A, ı) and
(Agf , ıgf ) is given by
φgf : A = (B ⊗ R)g∞/O0 −→ (B ⊗ R)g∞/Igf = Agf , b 7−→ b.
Also recall that a representative of ϕ¯gf is given by
ϕgf : (Agf )tor = ((B ⊗ R)g∞/Igf )tor = B/Igf −→ B/O0, b 7−→ bg
−1
f .
Thus one checks that
(4.1) ϕgf ◦ φgf = ϕg
−1
f : Ator → B/O0.
For any σ ∈ Gal(Q¯/L), the point ψg∞([gf ])
σ corresponds to the triple (Aσgf , ı
σ
gf
, ϕ¯σgf ).
We have the following O0-isogenies
(Aσgf , ı
σ
gf )
φσgf
←− (Aσ , ıσ)
µσ
−→ (A, ı)
φgf
−→ (Agf , ıgf ),
thus (Aσgf , ı
σ
gf ) and (A, ı) are linked by the O0-isogeny φ
σ
gf ◦ µ
∨
σ . This implies that,
as in the case of equation (4.1), we have a representative gσf ∈ G(Af ) of the double
coset ψ−1g∞(ψg∞([gf ])
σ) ∈ Γ\G(Af )/End
0(A, ı) satisfying ϕσgf ◦(φ
σ
gf
◦µ∨σ ) = ϕ(g
σ
f )
−1.
Hence, for all P ∈ Ator,
ϕ(P )ρ(A,ı,ϕ)(σ)(g
σ
f )
−1 = ϕ(µσ(P
σ))(gσf )
−1 = deg(µσ)ϕ
σ
gf (φ
σ
gf (P
σ))
= deg(µσ)ϕ
σ
gf (φgf (P )
σ) = deg(µσ)ϕgf (φgf (P ))
= deg(µσ)ϕ(P )g
−1
f
We conclude [gfρ(A,ı,ϕ)(σ)] = [g
σ
f ] = ψ
−1
g∞(ψg∞([gf ])
σ) and the result follows. 
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5. Change of moduli interpretation
In section §2, we defined an abelian L-surface (A, ı) with QM by any Eichler
order O and defined the corresponding representation ρ(A,ı,ϕ) attached to a fixed
O-module isomorphism ϕ : Ator → B/O. Nevertheless, we used a maximal order
O0 to define the Shimura curve XΓ and to describe its moduli interpretation as the
space classifying triples (A0, ı0, ϕ¯0), where (A0, ı0) has QM by O0. In this section
we shall change this moduli interpretation for some of this Shimura curves XΓ in
order to classify abelian surfaces with QM by O.
Thus from now on O will be an Eichler order in B of level N and O0 a maximal
order such that O ⊆ O0. Fix the embedding λ : O →֒ O0. Let Γ be now an open
subgroup of Oˆ× = (O ⊗ Zˆ)×. Since Oˆ× is an open subset of G(Zˆ) = Oˆ×0 by means
of λ, the subgroup Γ is also an open subgroup of G(Zˆ). Thus we can consider the
Shimura curve XΓ.
Proposition 5.1. We have an equivalence of moduli interpretations for the Shimura
curve XΓ. It either classifies:
(i) Triples (A0, ı0, ϕ¯0), where (A0, ı0) is an abelian surface with QM by O0
and ϕ¯0 is a Γ-equivalence class of O0-module isomorphisms ϕ0 : (A0)tor →
B/O0.
(ii) Triples (A, ı, ϕ¯), where (A, ı) is an abelian surface with QM by O and ϕ¯ is
a Γ-equivalence class of O-module isomorphisms ϕ : Ator → B/O.
In order to prove this proposition we will need the following lemma. Note that
the embedding λ : O →֒ O0 gives rise to a morphism λ : B/O → B/O0.
Lemma 5.2. There exists a one-to-one correspondence between triples (A, ı, ϕ),
where (A, ı) is an abelian surface with QM by O and ϕ is a O-module isomorphism
ϕ : Ator → B/O, and triples (A0, ı0, ϕ0), where (A0, ı0) is an abelian surface with
QM by O0 and ϕ0 is a O0-module isomorphism ϕ0 : (A0)tor → B/O0. A triple
(A, ı, ϕ) corresponds to (A0, ı0, ϕ0) if there exists an isogeny φ : A→ A0, such that
ϕ0 ◦ φ = λ ◦ ϕ and φ ◦ ı(α) = ı0(λ(α)) ◦ φ, for all α ∈ O.
Proof. Given (A, ı, ϕ), let us consider the subgroupC := ϕ−1(ker(B/O
λ
→ B/O0)) ⊂
Ator. Therefore, we can construct the abelian surface A0 = A/C and the corre-
sponding isogeny φ : A → A0. Since O ⊆ O0, for all α ∈ O, we have α(ker λ) ⊆
kerλ, hence, ı(α)C ⊆ C and the embedding ı gives rise to an embedding ı0 : O →֒
End(A0). The O-module isomorphim ϕ gives rise to a O-module isomorphism ϕ0
that fits into the following commutative diagram:
Ator
ϕ //
φ

B/O
λ

(A0)tor = Ator/C
ϕ0 // B/O0
Hence ϕ0 ◦φ = λ◦ϕ. Moreover, the fact that (A0)tor ≃ B/O0 as O-modules implies
that ı0 can be extended to an embedding ı0 : O0 →֒ End(A0). Thus (A0, ı0) has
QM by O0. We have constructed the triple (A0, ı0, ϕ0) corresponding to (A, ı, ϕ).
Finally, given (A0, ı0, ϕ0), let us consider C
∨ := ϕ−10 (ker(B/O0
λ∨
→ B/O)), where
λ∨ : B/O0 → B/O is the well defined morphism λ
∨(b +O0) = [O0 : O]b +O. We
define A := A0/C
∨. Notice that, for all o ∈ O ⊂ O0, we have ı0(o)(C
∨) ⊆ C∨.
Hence ı0 gives rise to an embedding ı : O →֒ End(A) and ϕ0 provides a O-module
isomorphism ϕ : Ator → B/O. It is easy to check that this construction is the
inverse to the previous one, thus the result follows. 
Due to this previous lemma we can easily prove the above proposition:
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Proof of Proposition 5.1. We know that the Shimura curveXΓ classify triples (A0, ı0, ϕ¯0)
as in (i). By the above Lemma, given a representative ϕ0 of the Γ-equivalence class
ϕ¯0, there exists a triple (A, ı, ϕ), where ϕ is a O-module isomorphism. It is clear
that the Γ-equivalence class ϕ¯0 corresponds to the Γ-equivalence class ϕ¯. 
Definition 5.3. A triple with QM by O is a triple (A, ı, ϕ), where (A, ı) is an
abelian surface with QM by O and ϕ is a O-module isomorphism ϕ : Ator → B/O.
A L-triple with QM by O is a triple (A, ı, ϕ) with QM by O such that (A, ı) is an
abelian L-surface with QM.
We denote the one-to-one correspondence of Lemma 5.2 by
ΛO0O : {Triples with QM by O} −→ {Triples with QM by O0}
Note that, given a L-triple (A, ı, ϕ) with QM by O, one can construct the pro-
jective representation
ρ(A,ı,ϕ) : Gal(L¯/L) −→ G(Af )/End
0(A, ı)×.
The following result relates the representations attached to triples associated by the
correspondence ΛO0O .
Lemma 5.4. Let (A, ı, ϕ) be a L-triple with QM by O. Assume that ΛO0O (A, ı, ϕ) =
(A0, ı0, ϕ0), then (A0, ı0, ϕ0) is a L-triple with QM by O0 and
ρ(A,ı,ϕ) = ρ(A0,ı0,ϕ0),
when we identify G(Af ) = End
0
O(B/O)
× = End0O0(B/O0)
× by means of λ.
Proof. We know that there exists an isogeny φ : A→ A0, such that ϕ0 ◦ φ = λ ◦ ϕ
and φ ◦ ı(α) = ı0(λ(α)) ◦ φ, for all α ∈ O. Since (A, ı) is an abelian L-surface with
QM, there exists a set of O-isogenies µ = {µσ : (A
σ , ıσ) → (A, ı), σ ∈ Gal(Q¯/L)}.
The composition
µ0σ : A
σ
0
(φσ)∨
−→ Aσ
µσ
−→ A
φ
−→ A0,
satisfies
µ0σ ◦ ı0(λ(o))
σ = φ ◦ µσ ◦ (φ
σ)∨ ◦ ı0(λ(o))
σ = φ ◦ µσ ◦ ı(o)
σ ◦ (φσ)∨
= φ ◦ ı(o) ◦ µσ ◦ (φ
σ)∨ = ı0(λ(o)) ◦ µ
0
σ, for all o ∈ O,
thus µ0σ ◦ ı0(α)
σ = ı0(α) ◦µ
0
σ for all α ∈ O0. This implies that (A0, ı0) is an abelian
L-surface with QM.
Moreover, for all σ ∈ Gal(Q¯/L) and P ∈ (A0)tor, we have
ϕ0(µ
0
σ(P
σ)) = ϕ0(φ ◦ µσ ◦ (φ
σ)∨(P σ)) = λ(ϕ(µσ(φ
∨(P )σ)))
= λ(ϕ(φ∨(P )))ρµ(A,ı,ϕ)(σ) = deg(φ)ϕ0(P )ρ
µ
(A,ı,ϕ)(σ).
This implies that ρ(A,ı,ϕ)(σ) = ρ(A0,ı0,ϕ0)(σ). 
Remark 5.5. As a consequence of this lemma, we obtain that Theorem 4.2 also
applies if we change the maximal order O0 by a not necessarily maximal Eichler
order O, considering the moduli interpretation (ii) of Proposition 5.1.
6. Duality
In this section we describe the dual of an abelian surface with quaternionic mul-
tiplication and its associated Weil pairing.
Let (A, ı)/C be an abelian surface with QM by O. Denote by A∨/C its dual
abelian surface. Denote by 〈 , 〉 the Weil pairing
〈 , 〉 : Ator ×A
∨
tor −→ {ζn, n ∈ N},
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where {ζn, n ∈ N} is the group of roots of unity. Such group is isomorphic to Q/Z
by means of the isomorphism
ψ : {ζn, n ∈ N} −→ Q/Z; e
2pii
n
m 7−→ m/n.
Given O, we have the two-sided ideal
O# = {b ∈ B : Tr(bO) ⊆ Z},
where Tr denotes the reduced trace. Given any left O-ideal I, we denote by Norm(I)
its reduced norm.
Proposition 6.1. The dual abelian surface A∨ admits a quaternionic multiplication
ı∨ such that (A∨, ı∨) is isogenous to (A, ı) by means of a O-isogeny ε : (A, ı) →
(A∨, ı∨) of degree Norm(O#)−1. The dual isogeny ε∨ satisfies ε∨ = ε and the
quaternionic multiplication ı∨ satisfies ı∨(α) = ı(α¯)∨, for all α ∈ O. Moreover, for
any O-module isomorphism ϕ : Ator → B/O, there exist u ∈ Zˆ
× such that the Weil
pairing satisfies
ψ(〈P, ε(Q)〉) = uTr(ϕ(P )ϕ(Q)),
for any P,Q ∈ Ator.
Proof. We have seen that, as a complex torus, A = (B⊗R)h/I, for some left O-ideal
I and some complex structure h : C→ B ⊗ R. Its dual complex torus corresponds
to (B ⊗ R)∨h∨/I
∨, where
(B ⊗ R)∨ := {f : (B ⊗ R)→ C, R−linear, f(h(i)v) = −if(v)},
I∨ := {f ∈ (B ⊗ R)∨ : Imf(I) ⊆ Z},
and the complex structure h∨ : C× −→ AutR((B ⊗ R)
∨) is given by h∨(z)f = zf .
The non-degenerate pairing
B ×B −→ Q; (b1, b2) 7−→ Tr(b2b¯1),
provides an isomorphism between (B⊗R)∨h∨ and (B⊗R)h since Tr(b2h(i)h(i)b¯1) =
Tr(b2b¯1). Hence we obtain that
A∨ ≃ (B ⊗ R)∨h∨/I
∨ ≃ (B ⊗ R)h/I
#, I# = {b ∈ B : Tr(bI¯) ⊆ Z}.
Since I# is a left O-ideal, we deduce that A∨ admits a quaternionic multiplica-
tion ı∨, and (A∨, ı∨) is in the O-isogeny class of (A, ı). A O-isogeny ε : A → A∨
is given by the inclusion 1Norm(I)I ⊆ I
#. Its kernel corresponds to the quotient
I#/( 1Norm(I)I) ≃ O
#/O, hence we obtain that deg(ε) = Norm(O#)−1. The iso-
morphism (B ⊗ R)∨h∨/I
∨ ≃ (B ⊗ R)h/I
#, provides the following description of the
Weil pairing:
〈·, ·〉 : Ator ≃ B/I ×B/I
# ≃ A∨tor −→ Q/Z
ψ
≃ {ζn, n ∈ N}
(b, b′) 7−→ Tr(bb¯′).
Any isomorphism ϕ : Ator → B/O, is given by an element gf ∈ G(Af ), such that
Oˆgf ∩B = I, and the composition
ϕ : Ator ≃ B/I
≃
−→ B/O; b 7−→ bg−1f .
We compute, for P,Q ∈ Ator corresponding to b, b
′ ∈ B/I respectivelly,
ψ(〈P, ε(Q)〉) = Tr
(
b
1
Norm(I)
b¯′
)
=
1
Norm(I)
Tr(ϕ(P )gfgfϕ(Q)) = uTr(ϕ(P )ϕ(Q)),
where u = Norm(gf )/Norm(I) ∈ Zˆ
×. The fact that ε∨ = ε follows from the above
equality since, by definition, 〈Q, ε∨(P )〉 = 〈P, ε(Q)〉 and the pairing given by the
trace is symmetric. Finally, the identity ı∨(α) = ı(α¯)∨ follows directly from the
above description of the Weil pairing. 
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Remark 6.2. If µ : (A0, ι0)→ (A, ι) is a O-isogeny, then we have
µ∨ ◦ ι∨(α) = µ∨ ◦ ι(α¯)∨ = (ι(α¯) ◦ µ)∨ = (µ ◦ ι0(α¯))
∨ = ι0(α¯)
∨ ◦ µ∨ = ι∨0 (α) ◦ µ
∨,
hence µ∨ : (A∨, ι∨)→ (A∨0 , ι
∨
0 ) is a O-isogeny.
6.1. Weil pairing on abelian L-surfaces with QM. Let (A, ι) be an abelian L-
surface with QM. Fix a model (A, ı) over some number field M , a set of O-isogenies
µ = {µσ : (A
σ, ισ)→ (A, ι)} defined overM and a O-isomorphism ϕ : Ator → B/O.
In §2 we constructed the endomorphisms ρµ(A,ι,ϕ)(σ) ∈ G(Af ), where σ ∈ Gal(Q¯/L),
satisfying ϕ(µσ(P
σ)) = ϕ(P )ρµ(A,ι,ϕ)(σ), for all P ∈ Ator.
Since (A∨, ı∨) is O-isogenous to (A, ı), we know that (A∨, ı∨) is also an abelian
L-surface with QM. Moreover, by the functorial description of the dual abelian
surface, (A∨, ı∨) admits a model defined over M satisfying (Aσ)∨ = (A∨)σ and
〈P σ, Qσ〉 = 〈P,Q〉σ, for all P ∈ Ator, Q ∈ A
∨
tor and σ ∈ Gal(Q¯/Q).
Proposition 6.3. We have that ε : (A, ı) −→ (A∨, ı∨) is defined over M , moreover,
µ∨σ ◦ ε ◦ µσ = deg(µσ)ε
σ
for all σ ∈ Gal(M/L).
Proof. First we consider a Galois extensionM ′/M big enough such that ε is defined
overM ′ and we extend the set ofO-isogenies in the natural way: for σ ∈ Gal(M ′/L),
we define µσ := µπ(σ), where π : Gal(M
′/L)→ Gal(M/L) is the natural projection.
We consider the Weil restriction of scalars X = ResLA. It is an abelian variety
defined over L and isomorphic over Q¯ to X ≃Q¯
∏
σ∈Gal(M ′/L)A
σ. For any τ ∈
Gal(M ′/L), the isogeny µτ gives rise to an endomorphism λτ ∈ End(X) defined by:
λτ :
∏
σ
Aσ −→
∏
σ
Aσ, (Pσ)σ 7−→ (µ
σ
τ (Pστ ))σ
Note that we have the polarization
ε := (εσ) : X =
∏
σ
Aσ −→
∏
σ
(A∨)σ = X.
Hence the Rosati involution of λτ with respect to ε is given by
λ†τ (Pσ)σ = ε
−1 ◦ λ∨τ ◦ ε(Pσ)σ = ε
−1 ◦ λ∨τ (ε
σ(Pσ))σ
= ε−1((µ∨τ )
σ(εσ(Pσ))στ ) = ((ε
στ )−1((µ∨τ )
σ(εσ(Pσ))))στ
= (((ετ )−1 ◦ µ∨τ ◦ ε)
σ(Pσ))στ .
Thus λτ ◦ λ
†
τ acts as the diagonal matrix with entries (µτ ◦ (ε
τ )−1 ◦ µ∨τ ◦ ε)
σ ∈
End(Aσ, ıσ). Due to the fact that the Rosati involution is positive, we have µτ ◦
(ετ )−1 ◦ µ∨τ ◦ ε ∈ Q
>0. Since deg((ετ )−1 ◦ µ∨τ ◦ ε) = deg(µτ ), We conclude that
(ετ )−1 ◦ µ∨τ ◦ ε = µˆτ , hence µ
∨
σ ◦ ε ◦ µσ = deg(µσ)ε
σ. Since this equality is also
true for any σ ∈ Gal(M ′/M) where µσ = Id, we also deduce that ε is defined over
M . 
Let χ : Gal(Q¯/Q) → Zˆ be the cyclotomic character that provides the Galois
action on {ζn, n ∈ N} ≃ Q/Z, namely ψ(ζ
σ
n ) = χ(σ)ψ(ζn), for any root of unity ζn
and σ ∈ Gal(Q¯/Q).
Theorem 6.4. We have that
Norm(ρµ(A,ı,ϕ)(σ)) = deg(µσ)χ(σ),
for all σ ∈ Gal(Q¯/L).
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Proof. We have seen that there exist u ∈ A×f such that ψ(〈P, ε(Q)〉) = uTr(ϕ(P )ϕ(Q)).
Thus we compute, for all P,Q ∈ Ator,
deg(µσ)χ(σ)ψ(〈P, ε(Q)〉) = deg(µσ)ψ(〈P, ε(Q)〉
σ) = ψ(〈P σ, deg(µσ)ε
σ(Qσ)〉)
= ψ(〈P σ, µ∨σ ◦ ε ◦ µσ(Q
σ)〉) = ψ(〈µσ(P
σ), ε(µσ(Q
σ))〉)
= uTr(ϕ(µσ(P
σ))ϕ(µσ(Qσ)))
= uTr(ϕ(Q) ρµ(A,ı,ϕ)(σ) ρ
µ
(A,ı,ϕ)(σ) ϕ(P )))
= Norm(ρµ(A,ι,ϕ)(σ))uTr(ϕ(P )ϕ(Q))
= Norm(ρµ(A,ι,ϕ)(σ))ψ(〈P, ε(Q)〉),
and the result follows. 
Corollary 6.5. The composition
Gal(Q¯/L)
ρ(A,ı,ϕ)
−→ G(Af )/End
0(A, ı)×
Norm
−→ A×f /Q
>0 ≃ A×Q/Q
×R>0
factors through Gal(Qab/(L ∩Qab)) and it is given by the restriction of the inverse
of the Artin map.
7. Complex Multiplication abelian K-surfaces with QM
In this section we shall deal with the Complex Multiplication (CM) case. Hence,
only for this section, we assume that the abelian surface (A, ı) with QM by O
has also CM by K, so is to say, End0(A, ı) = K an imaginary quadratic field.
The following result describes the projective representation ρN(A,ı,ϕ) (and therefore
ρ(A,ı,ϕ)) in the CM case:
Proposition 7.1. Assume that End0(A, ı) = K an imaginary quadratic field and
let AK,f be the ring of finite adeles of K. We have the following results
(i) Any abelian surface (A′, ı′) with QM by O and CM by K is isogenous to
(A, ı).
(ii) We can chose a representative of the isomorphism class of (A, ı) defined
over Q¯. Moreover, (A, ı) is an abelian Q-surface with QM.
(iii) Given any isomorphism ϕ : Ator → B/O, the restriction to Gal(Q¯/K) of the
corresponding projective representation ρN(A,ı,ϕ) factors through the inverse
of the Artin map Art : A×K,f/K
× −→ Gal(Kab/K), namely, we have the
following commutative diagram
Gal(Q¯/Q)
ρN(A,ı,ϕ) // NA/K×
Gal(Q¯/K)
?
OO
// // Gal(Kab/K)
Art−1 // A×K,f/K
×.
?
OO
(iv) The representation ρN(A,ı,ϕ) factors through Gal(K
ab/K)⋊Gal(K/Q) send-
ing the complex conjugation σc = [1, σ0], where 〈σ0〉 = Gal(K/Q), to the
class jK×, where j ∈ NA ∩ B
× is any element satisfying j2 ∈ Q× and
jk = k¯j for all k ∈ A×K,f .
Proof. Let us consider first the open subgroup Γ = Oˆ×. We showed in §5 that
abelian surfaces with QM by O over C are classified by the non-cuspidal points of
X
Oˆ×
. Assume that (A, ı) with CM by K corresponds to [g∞, gf ] ∈ (Γ∞Oˆ
×\G(A))/
G(Q) ⊆ X
Oˆ×
(C). The natural composition
K× = End0(A, ı)× = {γ ∈ G(Q) : g∞γg
−1
∞ ∈ Γ∞} →֒ G(Q) = B
×,
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provides an embedding ψ(A,ı) : K →֒ B. Given another (A
′, ı′) with CM by K
corresponding to [g′∞, g
′
f ], we obtain an analogous embedding ψ(A′,ı′) : K →֒ B.
By Skolem-Noether, there exists g ∈ G(Q), such that ψ(A′,ı′) = g
−1ψ(A,ı)g. This
implies that g′∞ = g∞g, hence [g
′
∞, g
′
f ] = [g∞, g
′
fg
−1]. We conclude that (A′, ı′) is
isogenous to (A, ı) by Proposition 3.3, thus part (i) follows.
By Shimura’s Reciprocity Law [5, Main Theorem I], all points in [P ] are defined
over Kab. In particular (A, ı) is defined over Q¯. Since (Aσ, ıσ) has CM by K for any
σ ∈ Gal(Q¯/Q), we apply part (i) to deduce that (A, ı) and (Aσ , ıσ) are O-isogenous.
We have proved part (ii).
Additionally, Shimura’s Reciprocity Law also describes the Galois action on the
isogeny class of (A, ı). More precisely, for any open subgroup Γ, let [P ′] be the
isogeny class of P ′ = [g∞, 1] ∈ XΓ(K
ab) corresponding to (A, ı, ϕ¯) for some Γ-
equivalence class ϕ¯. Then Shimura’s Reciprocity Law asserts that ψg∞([gf ])
σ =
ψg∞([gfArt
−1(σ)]), for all σ ∈ Gal(Kab/K). We apply Theorem 4.2 and we obtain
that ρ(A,ı,ϕ)(σ) = Art
−1(σ |Kab) modulo Γ ∩ A
×
K,f , for any open subset Γ. Thus
part (iii) follows.
Finally, note first that the class jK× is an element in NA/K
× of order 2 and
NA/K
× = A×K,f/K
× ⋊ 〈jK×〉. Let σc ∈ Aut(C) denote complex conjugation
automorphism. Recall that A = (B ⊗ R)g∞/O, where the complex structure on
(B ⊗ R)g∞ is given by hg∞ : C →֒ M2(R). It is easy to see that hg∞ is the R-
extension of scalars of ψ(A,ı) : K →֒ B. Complex conjugation must be the unique
automorphism γ on (B ⊗ R) such that γ(hg∞(z)) = hg∞(z
σc), for all z ∈ C×.
Therefore γ corresponds to conjugation by j since j−1ψ(A,ı)(k)j = ψ(A,ı)(k
σc), for
all k ∈ K×. This implies that Aσc = (B ⊗R)g∞j/O = (B ⊗R)g∞/Oj and we have
the following diagram (choosing j−1 ∈ O):
Ator
ϕ

P 7→Pσc
// Aσctor ≃
//

Aσctor

µσc
// Ator
ϕ

B/O
b7→j−1bj
// B/j−1Oj
b7→jb
// B/Oj
b7→b
// B/O
Thus ϕ(µσc (P
σc)) = ϕ(P )j, which implies ρ(A,ı)(σc) = jK
×. Since ρN(A,ı,ϕ) maps ex-
haustively Gal(Q¯/K) to A×K,f/K
× by (iii) and Gal(Q¯/Q)/Gal(Q¯/K) ≃ Gal(K/Q)
is generated by the image of σc, part (iv) follows. 
8. Abelian Q-surfaces as factors of abelian varieties of GL2-type
In this section we will deal with abelian Q-surfaces without complex multiplica-
tion. Thus, let (A, ı) be an abelian Q-surface with QM by O such that End0(A, ı) =
Q. We fix a set of O-isogenies µ = {µσ : (A
σ, ıσ) → (A, ı), σ ∈ Gal(Q¯/Q)}. Given
µ, we can define the map:
cµ : Gal(Q¯/Q)×Gal(Q¯/Q) −→ End
0(A, ı)× = Q×; cµ(σ, τ) =
1
deg(µστ )
µσµ
σ
τ µˆστ .
Proposition 8.1. The map cµ is a two cocycle in Z
2(Gal(Q¯/Q),Q×). Its class
in H2(Gal(Q¯/Q),Q×) does not depend on the choice of µ or the choice of (A, ı) in
a fixed O-isogeny class. The class of cµ in H
2(Gal(Q¯/Q), Q¯×) coincides with the
class of B in Br(Q), once we identify Br(Q) ≃ H2(Gal(Q¯/Q), Q¯×).
Proof. To prove that cµ is a 2-cocycle one has to check that
cµ(σ2, σ3)
σ1cµ(σ1, σ2σ3) = cµ(σ1, σ2)cµ(σ1σ2, σ3), σ1, σ2, σ3 ∈ Gal(Q¯/Q).
We leave the details to the reader. If we choose (A′, ı′) in the O-isogeny class of
(A, ı) with set of O-isogenies µ′ = {µ′σ : ((A
′)σ, (ı′)σ) → (A′, ı′), σ ∈ Gal(Q¯/Q)},
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we obtain that cµ = cµ′∂(λ), where
λ : Gal(Q¯/Q) −→ Q× = End0(A, ı)×; λ(σ) =
1
deg(µ′σ) deg(φ)
µσ ◦ φˆ
σ ◦ µˆ′σ ◦ φ,
for any O-isogeny φ : (A, ı) → (A′, ı′). Finally, the last assertion follows from [2]
Theorem 2.1. 
Let us denote by Q× the group Q¯× with trivial Galois action. By a theorem due
to Tate, [3, Theorem 6.3], the cohomology group H2(Gal(Q¯/Q), Q×) is trivial. This
implies that cµ = ∂(α), for some α : Gal(Q¯/Q)→ Q
×. Let Eα be the number field
generated by the image of α.
By means of the set of O-isogenies µ = {µσ; σ ∈ Gal(Q¯/Q)} and a 1-cocycle
α : Gal(Q¯/Q) → Q× such that cµ = ∂(α), we shall construct an abelian variety of
GL2-type AGL2 having A as a factor or being contained in A.
Remark 8.2. In the particular case that B = M2(Q) and A ≃ E ×E
′, where E is
an elliptic curve defined over Q, we may obtain that AGL2 = E. Otherwise, we will
obtain that A is a factor of AGL2 .
Choose a model over a Galois extension M/Q such that the O-isogenies µσ :
(Aσ, ıσ) → (A, ı), with σ ∈ Gal(M/Q), are also defined over M . We consider the
Weil restriction of scalars X = ResQA. It is an abelian variety defined over Q
isomorphic over Q¯ to
∏
σ∈Gal(M/Q)A
σ. For any τ ∈ Gal(M/Q) and o ∈ O, the
isogeny µτ gives rise to an endomorphism oλτ ∈ End(X) defined by:
oλτ :
∏
σ
Aσ −→
∏
σ
Aσ, (Pσ)σ 7−→ ((ı(o)µτ )
σ(Pστ ))σ.
Since the Galois action on the points of X is given by
∏
σ∈Gal(M/Q)A
σ γ∈Gal(Q¯/Q)−→
∏
σ∈Gal(M/Q)A
σ
(Pσ)σ 7−→ (P
γ
σ )π(γ)σ,
where π : Gal(Q¯/Q)→ Gal(M/Q) is the natural projection. We compute that, for
τ ∈ Gal(M/Q), γ ∈ Gal(Q¯/Q) and o ∈ O,
oλτ ((Pσ)
γ
σ) = oλτ ((P
γ
σ )π(γ)σ) = ((ı(o)µτ )
π(γ)σ(P γστ ))π(γ)σ
= ((ı(o)µτ )
σ(Pστ ))
γ
σ = oλτ ((Pσ)σ)
γ .
Hence oλτ ∈ EndQ(X).
Lemma 8.3. We have that End0Q(X) =
∏
σ∈Gal(M/Q)Bλτ .
Proof. The abelian varietyX representsWeil’s restriction of scalars functor ResQ(A),
defined as the functor that maps a Q-scheme S to A(SM ), where SM = S ⊗Q M
is the M -scheme obtained from S through extension of scalars. In the particular
situation S = X , we obtain,
X(X)⊗Q = End0Q(X) = Hom
0
M (XM , A) =
∏
σ∈Gal(M/Q)
Hom0M (A
σ , A).
Hence the result follows from the fact that Hom0M (A
σ, A) = ı(B)µσ, which clearly
maps to Bλσ under the above isomorphism. 
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Remark 8.4. Note that (oλτ )(o
′λτ ′) = cµ(τ, τ
′)(oo′λττ ′) for any τ, τ
′ ∈ Gal(M/Q)
and o, o′ ∈ O. Indeed,
(oλτ )(o
′λτ ′)((Pσ)σ) = oλτ (((ı(o
′)µτ ′)
σ(Pστ ′))σ)
= ((ı(o)µτ )
σ((ı(o′)µτ ′)
στ (Pσττ ′)))σ
= ((ı(o) ◦ µτ ◦ ı
τ (o′) ◦ µττ ′)
σ(Pσττ ′))σ
= cµ(τ, τ
′)((ı(oo′)µττ ′)
σ(Pσττ ′))σ
= cµ(τ, τ
′)(oo′λττ ′)((Pσ)σ).
Given the 2-cocycle cµ associated to the set of O-isogenies µ = {µσ, σ ∈
Gal(M/Q)} and the fixed 1-cocycle α : Gal(M/Q) → E×α such that cµ = ∂(α),
we claim that there is a ring homomorphism
ψ : End0Q(X) −→ B ⊗Q Eα, bλσ 7−→ b⊗ α(σ).
Indeed, for all σ, τ ∈ Gal(M/Q) and b, b′ ∈ B,
ψ((bλσ)(b
′λτ )) = ψ(cµ(σ, τ)(bb
′λστ )) = bb
′ ⊗ cµ(σ, τ)α(στ)
= (b⊗ α(σ))(b′ ⊗ α(τ)) = ψ(bλσ)ψ(b
′λτ ),
by Remark 8.4.
Clearly the map ψ is surjective by definition. Let us consider the abelian sub-
variety X0/Q defined by X ⊇ X0 := {P ∈ X : λ(P ) = 0, for all λ ∈ N},
where N is the subgroup of endomorphisms N = ker(ψ) ∩ EndQ(X). By con-
struction End0Q(X0) = End
0
Q(X)/ ker(ψ) = B⊗QEα. Since dim(X) = 2[M : Q] and
dimQ(End
0
Q(X)) = 4[M : Q] = 2 dim(X), we deduce
4[Eα : Q] = dimQ(End
0
Q(X0)) = 2 dim(X0).
Lemma 8.5. We have that B ⊗Q Eα = M2(Eα).
Proof. By Proposition 8.1, the 2-cocycle cµ represents the class of B in the Brauer
group Br(Q). Since cµ is a coboundary when extended to Eα, it represents the
trivial element of the Brauer group Br(Eα). The fact that the cocycle representing
B is trivial when extended to Eα implies the assertion (see [2, §2]). 
The above lemma implies that X0 is isogenous over Q to an abelian surface of the
formA2GL2 , where End
0
Q(AGL2) = Eα. Clearly, dim(AGL2) = dim(X0)/2 = [Eα : Q],
thus AGL2 is an abelian surface of GL2-type. More precisely, let π be the an element
of the set
π ∈ EndQ(X0) ∩
{(
x 0
0 0
)
∈ B ⊗Q Eα = End
0
Q(X0), x ∈ Eα
}
.
Then AGL2 := π(X0) ⊂ X0.
Since AGL2 ⊂ X0 ⊆ X = ResQ(A), we have that A is a factor of AGL2 (or
AGL2 is a factor of A, see Remark 8.2). In particular, End
0
Q¯(AGL2) = Md/2(B),
where d = [Eα : Q] (we write formally M1/2(M2(Q)) = Q in case Eα = Q and
B = M2(Q)).
8.1. Galois representations attached to abelian varieties of GL2-type. Let
AGL2/Q be an abelian variety of dimension d of GL2-type such that End
0
Q¯(AGL2) =
Md/2(B). By definition End
0
Q(AGL2) = E, a field extension of Q of degree d.
First we recall the classical construction of the Galois representation attached to
AGL2 : For any prime ℓ, the Tate module Tℓ(AGL2) = Hom((AGL2)tor,Qℓ/Zℓ) is a
free Zℓ-module of rank 2d. Its extension of scalars Vℓ(AGL2) := Tℓ(AGL2)⊗ Q has
a natural action of End0Q(AGL2) = E, which provides it with a structure of rank 2
E ⊗Qℓ-module. Given a basis ϕ1, ϕ2 ∈ Vℓ(AGL2) as a E ⊗Qℓ-module, we obtain a
representation
ρℓGL2 : Gal(Q¯/Q) −→ GL2(E ⊗Qℓ)
opp,
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defined by (ϕ1(P
σ), ϕ2(P
σ)) = (ϕ1(P ), ϕ2(P ))ρ
ℓ
GL2
(σ), for all P ∈ (AGL2)tor and
σ ∈ Gal(Q¯/Q).
Note that we can consider the product of subgroupsG(Af )E
×
α inside
∏
ℓGL2(Eα⊗
Qℓ)
opp, whereEα is embedded in
∏
ℓGL2(Eα⊗Qℓ)
opp diagonally andG(Af ) through
the monomorphism
G(Af ) = (Oˆ
opp ⊗Q)× →֒
∏
ℓ
(Boppℓ ⊗ Eα)
× ≃
∏
ℓ
GL2(Eα ⊗Qℓ)
opp.
The following result relates this representation ρℓGL2 with the representation ρ
µ
(A,ı,ϕ)
introduced in §2:
Theorem 8.6. Let (A, ı) be an abelian Q-surface with QM by O. Assume that
the abelian variety of GL2-type AGL2/Q has been constructed by means of (A, ı),
µ = {µσ : (A
σ, ıσ)→ (A, ı), σ ∈ Gal(Q¯/Q)} and α : Gal(Q¯/Q)→ E×α . Then, there
exist (Eα ⊗ Qℓ)-basis of the Tate modules of AGL2 at every prime ℓ such that the
product of the ℓ-adic representations
∏
ℓ ρ
ℓ
GL2
=: ρˆGL2 factors through
ρˆGL2 : Gal(Q¯/Q)
ρµ
(A,ı,ϕ)
α−1
// G(Af )E×α ⊂
∏
ℓGL2(Eα ⊗Qℓ)
opp.
Namely, ρˆGL2(σ) = ρ
µ
(A,ı,ϕ)(σ)α
−1(σ) ∈ G(Af )E
×
α ⊆
∏
ℓGL2(Eα ⊗ Qℓ)
opp, for all
σ ∈ Gal(Q¯/Q).
Proof. Fix a model (A, ı) over some Galois extension M as above. In order to
construct AGL2 , we consider the restriction of scalars X = ResQ(A). The O-module
isomorphism ϕ provides a O-module epimorphism
ϕ¯ : Xtor =
∏
σ∈Gal(M/Q)
Aσtor
pr
−→ Ator
ϕ
−→ B/O,
where pr is the natural projection. Let π : Gal(Q¯/Q)→ Gal(M/Q) be the natural
quotient morphism, we compute, for all γ ∈ Gal(Q¯/Q),
ϕ¯(λπ(γ)(Pσ)
γ
σ) = ϕ¯(µ
π(γ)σ
π(γ) (P
γ
σπ(γ))π(γ)σ) = ϕ(µπ(γ)(P
γ))
= ϕ(P )ρµ(A,ı,ϕ)(γ) = ϕ¯(Pσ)σρ
µ
(A,ı,ϕ)(γ).
Given α and the corresponding subvariety X0 ⊆ X , since A ⊆ X0, the restriction
of ϕ¯ to X0 gives rise to an epimorphism ϕ¯0 : (X0)tor → B/O. Moreover, it satisfies
(8.2) ϕ¯0(α(γ)Q
γ) = ϕ¯0(Q)ρ
µ
(A,ı,ϕ)(γ), for all Q ∈ (X0)tor.
Note that, once that we have chosen a Zˆ-basis for Oˆ, such a map ϕ¯0 provides 4
linearly independent elements of the Tate module Tˆ (X0) = Hom((X0)tor,Q/Z).
More precisely, if {e1, e2, e3, e4} is a Zˆ-basis of Oˆ, there exists ϕi ∈ Tˆ (X0) such that
ϕ¯0(Q) = ϕ1(Q)e1 + ϕ2(Q)e2 + ϕ3(Q)e3 + ϕ4(Q)e4,
for all Q ∈ (X0)tor. By Remark 8.4, the endomorphisms in Eα commute with
the endomorphisms in ı(O). Since dimQ(B ⊗Q Eα) = 2 dim(X0), the elements
ϕi ∈ Tˆ (X0) provide an isomorphism
ϕα : Oˆ ⊗Eα
≃
−→ Vˆ (X0) := Tˆ (X0)⊗Q; (
∑
i
xiei)⊗ z 7−→ (Q 7→
∑
i
xiϕi(zQ)),
with xi ∈ Zˆ, z ∈ Eα and Q ∈ (X0)tor. By (8.2), we have that, for all Q ∈ (X0)tor,
o⊗ z ∈ Oˆ ⊗ Eα and γ ∈ Gal(Q¯/Q),
ϕα(o⊗ z)(Q
γ) = ϕα(oρ
µ
(A,ı,ϕ)(γ)⊗ α
−1(γ)z)(Q).
Thus the action of γ ∈ Gal(Q¯/Q) on Vˆ (X0) ≃ Oˆ⊗Eα is given by right multiplication
by ρµ(A,ı,ϕ)(γ)α
−1(σ).
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Finally, we know that AGL2 = π(X0) ⊂ X0, where π ∈ O ⊗ Eα. Hence ϕα
provides an isomorphism Vˆ (AGL2)tor ≃ π(Oˆ ⊗ Eα). Since right multiplication by
G(Af )Eα commutes with left multiplication by O⊗Eα, we conclude that the action
of γ ∈ Gal(Q¯/Q) on Vˆ (AGL2) ≃ π(Oˆ ⊗ Eα) is also given by right multiplication
by ρ
(µ,α)
(A,ı,ϕ)(γ). The fixed the isomorphism Oℓ ⊗ Eα ≃ M2(Eα ⊗ Qℓ) provides a
basis of the Tate module Vˆ (AGL2) ≃ π(Oℓ ⊗ Eα) as a rank 2 (Eα ⊗ Qℓ)-module.
It is clear that the Galois action on Vℓ(AGL2) is given by right multiplication by
the ℓ-adic component of ρµ(A,ı,ϕ)(γ)α
−1(σ), once we have identified G(Qℓ)Eα inside
GL2(Qℓ ⊗ Eα)
opp. Thus the result follows. 
The following result, which is a direct consequence of the above theorem, is well
known by the experts.
Corollary 8.7. Let ρˆGL2 =
∏
ℓ ρ
ℓ
GL2
be the Galois representation attached to the
abelian variety of GL2-type constructed by means of (A, ı), µ and α. Then its
determinant is given by
det(ρˆGL2)(σ) = χ(σ)
deg(µσ)
α2(σ)
,
where χ is the cyclotomic character.
Proof. Since the determinant does not depends on the choice of the basis for the
Tate module, we choose the basis of Theorem 8.6. Then the result follows from
Theorem 8.6 and Theorem 6.4. 
Remark 8.8. After the proof of Serre’s conjecture on representations of Gal(Q¯/Q)
[4, 3.2.4?], ρℓGL2 is the ℓ-adic Galois representation associated with a modular new-
form in S1(N, ǫ), with N ∈ N and ǫ(σ) =
deg(µσ)
α2(σ) , for all σ ∈ Gal(Q¯/Q).
Recall that the representation ρ(A,ı,ϕ) : Gal(Q¯/Q) → G(Af )/Q
× introduced in
§2 is the projectivization of ρµ(A,ı,ϕ) modulo Q
×. Applying Theorem 8.6, we deduce
the following corollary:
Corollary 8.9. The representation ρ(A,ı,ϕ) is the projectivization of the classical
representation ρˆGL2 : Gal(Q¯/Q) → G(Af )E
×
α attached to the abelian variety of
GL2-type AGL2 modulo End
0
Q(AGL2)
× = E×α .
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